
ADVANCES IN MANUFACTURING SCIENCE AND TECHNOLOGY Vol. 34, No. 4, 2010 

ESTIMATION OF NONLINEAR MODELS PARAMETERS 
OF MACHINE TOOL SUPPORTING SYSTEMS USING 

COMPLETE VIBRATION TEST DATA  

Stefan Berczyński, Paweł Gutowski 
Yury Kravtsov, Marcin Chodźko 

S u m m a r y 

The paper presents an algorithm of reconstruction nonlinear motion equations of dynamic models of 
machine tool supporting systems, on the basis of experimentally determined time response 
characteristics of an object to a given excitation. These models are constructed in the rigid finite 
elements method convention supplemented by slideway joint modeling option. Reconstruction can be 
carried out on the basis of complete information about object obtained from experimental tests. The 
effectiveness of the algorithm has been verified by means of simulated identification of selected 
parameters of the knee – column slideway joint nonlinear model of milling machine.  
Keywords: identification, nonlinear models, machine tools 

Estymacja parametrów nieliniowych modeli układów nośnych obrabiarek 
na podstawie pełnej informacji z badań doświadczalnych 

S t r e s z c z e n i e 

W pracy przedstawiono algorytm rekonstrukcj i nieliniowych równań ruchu modeli układów nośnych 
obrabiarek na podstawie doświadczalnie wyznaczonych przebiegów czasowych odpowiedzi obiektu 
na zadane wymuszenie. Modele poddane analizie są tworzone w konwencji  metody sztywnych 
elementów skończonych, uzupełnionej o opcję modelowania prowadnic. Rekonstrukcja może być 
prowadzona przy pełnej informacji o obiekcie, uzyskanej z badań doświadczalnych. Efektywność 
algorytmu zweryfikowano, prowadząc symulowaną identyfikację wybranych parametrów niel iniowego 
modelu połączenia prowadnicowego wspornik – korpus frezarki uniwersalnej. 
Słowa kluczowe: identyfikacja, nieliniowe modele, obrabiarki 

1. Introduction 

The ever increasing requirements imposed on the precision and efficiency 
of machining forced the research and development centers to make more and  
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more precise analyses of dynamic phenomena that take place in machine tools 
when machining. Therefore, many studies have been conducted and many of 
them are carried out with the aim of creation and betterment methods of shaping 
and improving dynamic properties of machine tools right from the phase of 
designing a new machine, through the stage of building its prototype and up to 
the moment of modification of the already existing structures. The main purpose 
of those studies is focused on making machines more resistant to exciting and 
spreading of vibrations.   

At each stage of those investigations it is necessary to employ computer 
simulation techniques, which make it possible to reduce to the indispensable 
minimum the expensive and time-consuming experimental tests. This requires, 
however, a creation of reliable physical and mathematical models of these 
objects. 

Machine tools are complex, multiple degree of freedom dynamic objects. 
For modeling vibrations of such structures the rigid finite element method, 
elaborated by Kruszewski et. al. [1, 2] and Wittbrodt et. al. [3] and 
complemented by the slideway modeling option, elaborated by Szwengier [4], 
can be successfully applied. Such way of modeling was used while developing 
linear models of machine tool supporting systems, e.g. in papers by Lisewski 
and Gutowski [5], Szwengier, Berczyński and Goduński [6] or Pajor [7]. Some 
examples of such models identification are presented in papers by Berczyński 
and Gutowski [8, 9]. 

In the case of large relative displacements and small cutting forces the 
application of linear models at modeling machine tool supporting systems may 
turn out to be too large and physically unjustified simplification. This is due to 
nonlinear spring contact characteristics of machine tool slideway joints system. 
Linear models in general or models that are linearized in the vicinity of the 
working point do not give the possibility to carry out a comprehensive analysis 
of phenomena taking place in machine tools when machining. Consequently, 
there is no possibility to effective predict machine tool dynamic properties by 
means of these models. 

For that reason the purpose of this study was firstly the elaboration of 
effective algorithms for the reconstruction of nonlinear equations of motion, 
secondly using these algorithms to identify nonlinear models of machine tools 
supporting systems which are created in the rigid finite element method 
convention. The identification is carried out on the basis of experimentally 
determined time response of a tested system to a given force excitation. 

The principles of nonlinear systems reconstruction on the basis of 
experimental data, i.e. the principles of solving the inverse problems of 
nonlinear dynamics were elaborated as early as in 1940’s and 1950’s by 
Kolmogorov [10] and Wiener [11]. Since that time many effective procedures of 
nonlinear systems reconstruction have been elaborated. A description of these 
procedures together with examples of their practical applications can be found in 
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publications by Kozin and Natke [12], Ljung [13] as well as Worden and 
Tomilson [14]. The present paper is the development of restoring forces method, 
elaborated by Masri and Caughey [15-17], on nonlinear systems modeled in the 
rigid finite method convention. We use here also the elements of technique 
applied in the paper by Berczyński, Kravtsov and Anosov [18]. 

2. Nonlinear model of the tested object 

A model of the investigated object is constructed according to the rigid 
finite elements (RFE) method convention complemented by the slideways joint 
modeling option. The mass and geometric structure of the model is developed on 
the basis of data processed from the technical specifications of a given machine.  

According to the RFE method the machine tool is modeled as a spatial 
system of rigid finite elements (RFEs) (Fig. 1) interconnected with spring-
damping elements (SDEs). Each of the RFEs has 6 degrees of freedom. The 
SDEs that describe slideway joints, turn tables and rolling guides consist of six 
weightless springs (Fig. 2) which model three translational and three rotational 
stiffnesses and dampings. Leading screws are modeled using one weightless 
spring located along the axis of the screw, whereas SDEs that model vibration 
isolation pads consist of three such springs.  

 
 

 a) 

 

 b) 

 
 

Fig. 1. Discretization of the milling machine structure using RFE method: a) real milling machine, 
b) its division into rigid finite elements (RFEs) 
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                 a) 

                          

     b) 

            
Fig. 2. Modeling of the slideway joints: a) active part of the slideway connection, 

b) SDE used for modeling such joints 

The proposed algorithm accepts linear and nonlinear characteristics of 
particular SDEs. The SDEs that model slideway joints were assumed to have 
nonlinear stiffnesses and linear dampings. Other SDEs were assumed as linear. 
Therefore the motion equation is given by:  

  (1) )()()( t~
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where: M – diag{m1, m1, m1, J11, J21, J31, ..., mu, mu, mu, J1u, J2u, J3u} – inertia 
matrix, C, K – damping and stiffness matrices of SDEs that model leading 
screws, turn tables, rolling guides and vibration isolation pads, q – col{q11, q21, 
..., q61, ..., q1u, q2u, ..., q6u} – vector of generalized coordinates,  – vector  
of nonlinear restoring forces modeling elastic interaction of mating surfaces  
of slideway joints,  – – vector with nonlinear components, 
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where: ki – number of SDEs attached to a given RFE modeling active slideway 
connections of a machine tool body element modeled using this RFE. 

Nonlinear spring forces and acting on r-th∗

κreF ∗

κpeF  and p-th RFEs which 

describe deformations of κ-th SDE have the same value but opposite sense. A 
similar relation is found between damping forces  and . ∗

κrdF ∗

κpdF

Forces  and can be expressed as nonlinear function of the 

deformation  (Fig. 3) of the SDE

∗

κreF

κδ

∗

κpeF

 of a number κ. In the local system of this 
SDE the following relations can be formulated:  

  (4) κκκκ prrp wwwδ −== ∆

where:  – displacements vector of the end of SDE of a number κ attached  
to the r-th

κrw
 RFE,  – displacements vector of the end of SDE of a number κ 

attached to the p-th RFE, 
κpw

 

κδ κδ~

κδ~ }col{ 621
mmm ,...,, κκκ δδδ

κκκ
δaF ~

r
⋅=∗

κκκ
δaF ~

pe ⋅−=∗

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3. Nonlinear spring characteristic in normal 
direction of the SDEs that model slideway joints 

After acceptation for the vector whose components are nonlinear function 
of deformation  designation , i.e.:  

 =  (5) 

it can be written: 

     and     (6) e



10 S. Berczyński, P. Gutowski, Y. Kravtsov, M. Chodźko 

where: 
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aκ – matrix of coefficients of the SDE of a number κ, which depend on the 
surface geometry of the slideway joint that is modeled by this SDE. 

Particular elements aκi of aκ matrix, assuming rectangular load distribution 
on the active part of the slideway, are determined from the following relations:  

        (8) 

and 

 

 

  (9b) 

 

  (9c) 

∫ ∫  (9a) 

where: Aκ – area of active part of the slideway modeled by SDE no κ, enκ, etκ – 
compliance coefficients of the contact joint modeled using SDE no κ, in normal 
and tangential directions, respectively, l, b – length and width of the active part 
of the slideway.  

Owing to the relations (8), (9a), (9b) and (9c), between parameters aκi  
(i = 1, 2, …, 6), each SDE is represented by two independent parameters anκ and 
atκ describing stiffness of the modeled joint in normal and tangential direction, 
respectively.  

Displacement transformation must be performed to express deformation 
vector of the κ-th SDE (4) in the generalized coordinates qr and qp of the RFEs r 
and q which are connected by this SDE. A detailed description of the procedure 
is given by Kruszewski et. al. [1, 2]. After the transformation we obtain:  

  (10) 
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where: and  –  matrices of direction cosines of angles between principal 
axes system of κ-th SDE and principal central axes of inertia systems of RFEs r 
and p, respectively, and  – matrices of attachment for a SDE with 
number κ to RFEs r and p, respectively.  

From (6) and (7) there is: 
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Relations (13) and (14) can be written in the following form:  
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it becomes:  

     and     (20) e

where: 
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Dissipative forces and in the slideway connection which is 

modeled by SDE no κ are assumed to be linear functions of the relative velocity 
. In the local coordinate system of SDE   we have: 

F

κ

     and     (22) 

where ω  – frequency of vibration  
and 

     i = 1, 2, ..., 6 (23) κ κ  

hκ – matrix of coefficients which characterize damping properties of the contact 
modeled by SDE κ. 

Assuming a rectangular stress distribution on the active part of the 
slideway, particular elements hκi of the matrix hκ are equal to:  

 ,    ,    (24) 
 

 ,    ,     (25) 

h

where: Aκ – area of the active part of the slideway, modeled by SDE of no κ, 
 l, central moments of inertia of the active part of the 

slideway modeled by SDE of no κ, hnκ, htκ – coefficients of hysteretic damping 
modeled by the κ SDE in normal and tangential directions. 

– principa
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Owing to (24) and (25) that relate parameters hκi (i = 1, 2, ..., 6), only two 
independent parameters hnκ and htκ must be identified for each κ SDE. These 
parameters characterize damping properties of the modeled contact in normal 
and tangential directions, respectively.  

By applying (10), (11), (17), (22) and (23) and reducing vectors of the 
dissipative forces and to generalized forces vector, we obtain: ∗
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After further transformations we eventually obtain the following relations: 

     and     (28) 

where: 

     and     (29) 
 
  (30) 
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It is assumed that masses and inertia parameters of the model that is 
described by equation (1) are known. They can be determined with high 
accuracy by way of appropriate calculations on the basis of technical drawings 
of particular elements of tested object. It is assumed also, that some part of 
parameters which describe spring-dissipative properties of the model is known 
too. These are for instance: stiffness and damping coefficients of vibration 
isolation pads on which the machine tool is founded or stiffness and damping 
coefficients of leading screws. These data can be determined on the basis of 
independent tests of particular elements or subassemblies. The known data are 
grouped in inertia, stiffness and damping matrices M, K and C, respectively. The 
unknown parameters are stiffness and damping coefficients of slideway joints. 
As it has been mentioned in the introduction, it is assumed that the damping 
forces Fd are linearly dependent on the velocity, while restoring forces Fe can be 
both nonlinear and in particular case linear, at that time m = 1. 

After grouping the known elements on the right and unknown elements on 
the left, the equation (1) can be written in the form:   
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  (31) qKqCqMPqFqF ⋅−⋅−⋅− &&&& )(=)(+)( t~
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Taking into account dependencies (20) and (28) and using substitution: 

  (32) 

we obtain:  

  (33) 

where vectors a and h are defined as:  

  (34) 
 
    (35) 

and ak is given by dependence (19) and hk by dependence (30).  
Identified are the damping coefficients hκi that are used for determination of 

the damping forces Fd in slideway joints, and coefficients aκi, that at known 
exponent m univocally define restoring forces Fe of joints.  

3. Algorithm of the identification 

The paper presents an identification algorithm that utilizes complete 
experimental information of modeled machine tool. The goal of the 
identification is to find estimates of the unknown parameters that characterize 
nonlinear stiffness and linear damping of particular contacts of slideway 
connections.  

The dependence between experimentally determined response signals Ye(t) 
of tested object and parameters x of the model assumed for the identification is 
nonlinear. Furthermore, these characteristics are burdened with systematic and 
random errors. Assuming that the systematic errors can be eliminated when 
signal processing, these characteristics, in any case of estimation of a nonlinear 
time-invariant system, can be described in the following general form 
(Schweppe [19]):  

   (36) 
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where:  – the measured characteristic of the object,  – the same 
characteristic calculated for the model, ξ(t  – multi component observational 
noise, x – vector of model parameters, invariant. 
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Complete information case assumes that such characteristics of the object, 
which model is described by equation (1), as: displacements , velocities 

, and accelerations  of particular bodies of a machine tool at given 
force excitation P(t  are known.  

&

)
The emphasis should be laid, that identification of nonlinearities requires 

both the variable and the constant component of displacement to be known. 
Because of this it is assumed that during measurements the displacements and 
accelerations of particular bodies of tested object as well as the signal of exciting 
force  will be measured. Velocities, however, will be determined by means 
of differentiation of the displacement signal.  

P

Generally, on the base of (36) it can be written:  

  (37) 

where: , , ) – experimentally determined characteristics of the object, 
, , ) – the same characteristics generated for the model, 

 – stationary random processes with zero means values and finite 
variances  

& &&

and: 

  (38) 

n – number of degrees of freedom, N – number of samples. 

Because the velocities )(tzk&  will not been determined by means of direct 
measurements, but indirectly by differentiation of the displacement signal, thus 
in calculations the relation )()( 12 tt ξξ &=  will be assumed.  
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The essential meaning in compound noise has the derivative  of 
measured noise, especially when the last is the low-correlated random process. 
This derivative can be estimated numerically by:   
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  (39) 

where: ∆ – is the discretization step: . 

The variance of the i-th component of vector can be calculated from 
the following dependence: 

  (40) ξ

where  is the variance of measured noise . 

The system of equations (33) for particular time realizations tk (k = 0 ÷ N) 
takes the form: 

  (41) Y

where: 

     and     (42a) 

 
  (42b) 

and – x vector of parameters that are to be identified:   

  (43) 

where: r – number of SDEs for which hn, ht and an, at parameters are being 
identified.  



Estimation of nonlinear models’ parameters ...  17 

Matrices Ee and De in equation (42a) are analogical as matrices E and D in 
equation (2.33) created from (21) and (29), but on the basis of experimentally 
determined signals z and ż. It can be clearly seen that the rank of matrix x is 4r.  

By solving the system of equations (41) we obtain: 
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Because the model is linearly dependent on x coefficients, their estimates 
 are not biased and they have minimal variances.  ˆ

Errors of obtained estimates in described variant of identification (complete 
information of the object) are calculated from the formula:  

  (45) 

where: 

  (46) 

 

  (47) 

The elaborated algorithm can be synthetically described in points 
illustrating the succeeding steps of calculations. And first of all it should be 
noticed that the algorithm of the identification on the basis of complete 
information about the object requires far more number of data determined 
experimentally in comparison with the algorithms of identification on the basis 
of incomplete information.  

In the I step and at the initial stage the process proceeds in two ways. In the 
first way, the physical model of tested object is created. It is carried out on the 
basis of technical drawings complemented with necessary measurements of real 
object (e.g. masses of particular elements or subassemblies and complemented 
geometrical measurements). In the second way the experimental tests of the 
whole object and its particular subassemblies are made. The main goal of these 
tests is determination the time response runs (displacements and accelerations) 
of the object on given excitation, on specified directions in chosen measuring 
points. 

In the II step the experimentally determined time response runs of the 
object on given excitation are transformed to the principal central axes of inertia 
of particular bodies of the object of which the motion was tested. 
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In the III step the estimation of model parameters which were chosen as 
decision variables is carried out. It is realised by solving the system of equations 
(41).  

The IV step is the evaluation of the consistency of the generated for the 
model time response runs on given excitation with determined experimentally 
once, and calculation errors of determined estimates.  

4. Numerical example 
4.1. Description of a model 

The presented algorithm has been implemented in Matlab as a software 
package IDENTNL-CI. The package is used to identify parameters of nonlinear 
dynamic models of machine tools supporting systems with complete 
experimental information of the object. The software was tested using simulated 
data for nonlinear model of the isolated knee–column system of the universal 
milling machine (Fig. 4).  

 

 
     a) 

     

b) 

     
Fig. 4. Knee–column system of tested milling machine; a) general view,  

b) RFE model showing active spring–damping elements 

 

This model consists of two rigid finite elements (RFEs no 1 and no 2, 
according to designation given in Fig. 4.1b) and nine SDEs. RFEs model two 
main bodies of the milling machine’s supporting system, i.e. the knee and the 
column. In a real machine these elements are connected by a slideway system 
that enables vertical motion of the knee. The experiments carried out earlier by 
Gutowski [20] and Gutowski and Berczyński [10] revealed considerable 
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nonlinearity of this joint. Therefore in the model developed in the present paper 
it was assumed that spring-damping elements modeling particular working 
slideways in this joint (SDEs no 6–9) have nonlinear characteristics in normal 
directions. In tangential directions it was assumed that spring characteristics of 
the model are linear. Vibration isolation pads (SDEs no 1–4) and the ball screw 
of the knee (SDE no 5) feed drive system are modeled as linear elements.  

In the presented example parameters of SDEs modeling knee–column joint 
are identified. Each SDE in this connection is represented by two parameters that 
characterize nonlinear contact stiffness (ani) in normal direction and linear 
contact stiffness (ati) in tangential direction and two parameters that characterize 
linear damping (hni) and (hti) of the contact in these directions. Thus it was 
assumed that 16 parameters of the model are to be identified. 

In the identification on the basis of complete information of the object, in 
numerical calculations both accelerations and velocities as well as displacements 
of the knee and column were used. The data was simulated using a model with 
known parameters (obtained from the identification of the linear model) that 
characterize spring-damping parameters of the slideway connection. The 
harmonic force P(t) = P0·sinω t was used for excitation purposes. The direction 
of this force is defined by angles α = 150º and β = 76º (see Fig. 4). The 
amplitude of excitation was P0 = 100 daN. The excitation force acted at the same 
time on the knee and the column. It was generated by the hydraulic exciter fitted 
to the knee. It was assumed, in the computation, that the exponent m in equation 
(5) in the case of nonlinear SDEs is equal to 2 (Levina and Resetov [21].  

4.2. Results of the identification 

Figure 5 presents sample of response signals such as: accelerations, 
velocities and displacements of the column (body no 1) along 1st principal 
central axis of inertia of this body. Elaborated, complete information, algorithm 
uses for identification a set of such characteristics for all the three central axes of 
inertia both of the column and the knee and the corresponding rotational 
components.  

In Tables 1 and 2 the true values of the identified parameters and their 
estimates, obtained in the conducted computations, are compared. It is seen that 
the values of estimates are equal to actual values of the parameters. 

It is difficult to discuss widely in this paper the efficiency of elaborated 
procedures because we calculated only several examples. And in this paper we 
presented results only of one of them. The certain information about this 
efficiency is given in the form of total time of calculations. But it is obvious that 
the time of calculations depends on the efficiency of processor installed in used 
computer. For presented in the paper example in the case of complete 
information the time of total calculations was 40 seconds. 
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Fig. 5. Displacement (a), velocity (b) and acceleration (c) time response series of the column  
in direction no 1 of principal central axes of inertia of this body, used for identification  

Table 1. Results of the identification of the nonlinear normal and linear tangential stiffnesses 
an and at of the SDEs no 1–4 for the case of complete information of the object  

Value of parameter  
daN⋅µm–2 No of 

variable 
Kind of 

parameter 
actual identified 

Standard 
error 

1 an1 380 380 4.517e–2 
2 an2 370 370 2.883e–2 
3 an3 340 340 1.662e–2 
4 an4 660 660 1.898e–2 

Value of parameter  
daN⋅µm–1 No of 

variable 
Kind of 

parameter 
actual identified 

Standard 
error 

5 at1 15 15 1.539e–10 
6 at2 15 15 1.668e–10 
7 at3 13 13 8.619e–11 
8 at4 27 27 1.136e–10 
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Table 2. Results of the identification of the linear normal and tangential dampings hn and ht 
of the SDEs no 1–4 for the case of complete information of the object  

Value of parameter  
daN⋅µm–2 No of 

variable 
Kind of 

parameter 
actual identified 

Standard 
error 

9 hn1 3.6 3.6 2.329e-8 
10 hn2 3.5 3.5 2.398 e-8 
11 hn3 2.7 2.7 1.700 e-8 
12 hn4 2.1 2.1 1.770 e-8 
13 ht1 5.5 5.5 2.344 e-8 
14 ht2 5.5 5.5 2.413 e-8 
15 ht3 0.21 0.21 1.710 e-8 
16 ht4 7.7 7.7 1.769 e-8 

 

5. Final remarks 

The performed numerical tests showed a very good convergence of the 
elaborated computational procedures when complete information about the 
object is available. It should be also noted that a good convergence of the 
elaborated procedures was achieved for a large number (n = 16) of decision 
variables. But it should be emphasized that very often the complete information 
can not be obtained. This takes place in the identification of real objects which 
do not allow measuring a full set of signals (displacements, velocities and 
accelerations) of their particular elements and therefore there is a need to carry 
out identification on the basis of limited number of such characteristics. Authors 
elaborated effective numerical procedures which enable to carry out 
identification on the basis of incomplete information of an object. These 
procedures will be described in the next paper.  
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